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Abstract
The correct three-dimensional poroelastic field expressions, under monochromatic
harmonic incidence, were revealed in this paper. They were confirmed satisfactory us-
ing the results got by other researchers. Former incomplete expressions were found to
overestimate the random sound transmission loss and lead to division-by-zero, though
their results were amply acceptable.
Keywords: Poroelastic field; Sound transmission; Correct field expressions;
Three-dimensional
1. Introduction
Recently, much interest has been shown on modeling sound absorbing materials,
especially poroelastic materials, i.e., porous materials which have an elastic frame. The
Biot theory [1], which is the most widely used modeling technique for these materials,
is studied extensively during the last decades.
Despite the fruitful numerical developments [2, 3, 4] in Biot theory, the related
theoretical study is scarce and mainly about the two-dimensional (2D) problems [5,
6]. Closed-form 2D poroelastic field expressions, which are among the most notable
progress, were obtained by Bolton [6] using the simplifications of Deresiewicz [5] and
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Allard [7]. When it comes to the three-dimensional (3D) case, the theoretical develop-
ment is insufficient until the work by Zhou [8], where he obtained the 3D poroelastic
field expressions. These field expressions have been cited extensively [9, 10] since
then.
However, the 3D poroelastic field expressions are not sufficiently revealed by now.
For example, in the work by Zhou [8, 11], he used an inappropriate hypothesis (refer
to Equation (13) in [11]), which leads to an incomplete set of expressions. It can be
erroneous if the correct expressions are not revealed. The aim of this discussion is
to provide their formal derivation, and the correct expressions. The field expressions
obtained here, with satisfying consistency with the theoretical results obtained by other
researchers, are confirmed adequate in 3D poroelastic applications.
2. Derivations
With the time dependence ejωt (j =
√−1), the poroelastic equations formulated by
solid displacement us and fluid displacement u f are [12]
−ω2
(
ρ∗11u
s + ρ∗12u
f
)
= (A + N)∇∇ · us + N∇2us + Q∇∇ · u f
−ω2
(
ρ∗22u
f + ρ∗12u
s
)
= R∇∇ · u f + Q∇∇ · us (1)
where the porous parameters ρ∗11, ρ
∗
12, ρ
∗
22, A,N,Q,R can be found in [6, 8, 13]. When
two scalar potentials ϕs = ∇·us, ϕ f = ∇·u f and two vector potentialsΨs = ∇×us,Ψ f =
∇×u f are introduced, the above equations can be reduced to a fourth-order scalar wave
equation and a second-order vector equation [6]. The three propagation wavenumbers
corresponding to the wave equations are
{k21, k22} = A1/2 ±
√
A21/4 − A2, k23 = ω2/N(ρ∗11 − ρ∗12ρ∗12/ρ∗22) (2)
where A1 = ω2(ρ∗11R− 2ρ∗12Q + ρ∗22P)/(PR−Q2), A2 = ω4(ρ∗11ρ∗22 − ρ∗12ρ∗12)/(PR−Q2),
P = A + 2N; k1, k2 correspond to the scalar wave equation, while k3 correspond to the
vector wave equation.
When a 3D monochromatic incident wave Φi = ejωt−jkr, where k = (kx, ky, kz),
r = (x, y, z), transmits through the porous domain along its normal direction z (the time
2
dependence ejωt is omitted henceforth), the solid phase strain es = ϕs and Ωs = Ψs are
es = e−j(kx x+kyy)
(
C1e−jk1zz + C2ejk1zz + C3e−jk2zz + C4ejk2zz
)
(3)
Ωs = e−j(kx x+kyy)
[ (
C5e−jk3zz + C6ejk3zz
)
ix +
(
C7e−jk3zz + C8ejk3zz
)
iy
+
(
C9e−jk3zz + C10ejk3zz
)
iz
] (4)
where kiz =
√
k2i − k2x − k2y (i=1,2,3); ix, iy, iz are the unit vectors along x, y, and z; the
unknown constants C1−C10 are not independent and they can be determined by proper
boundary conditions. Subsequently, the fluid phase strain e f = ϕ f and Ω f = Ψ f are
e f = e−j(kx x+kyy)
(
b1C1e−jk1zz + b1C2ejk1zz + b2C3e−jk2zz + b2C4ejk2zz
)
(5)
Ω f = gΩs (6)
where b1, b2, g can be found in [6, 8].
Bolton [6] pointed out that, in 2D case, all displacement field variables should
contain contributions from all the six wave components. Accordingly, in the 3D case
here, the components of the solid phase displacement us = (usx, usy, usz) are
usx = e
−j(kx x+kyy)
(
D1e−jk1zz + D2ejk1zz + D3e−jk2zz
+ D4ejk2zz + D5e−jk3zz + D6ejk3zz
) (7)
usy = e
−j(kx x+kyy)
(
D7e−jk1zz + D8ejk1zz + D9e−jk2zz
+ D10ejk2zz + D11e−jk3zz + D12ejk3zz
) (8)
usz = e
−j(kx x+kyy)
(
D13e−jk1zz + D14ejk1zz + D15e−jk2zz
+ D16ejk2zz + D17e−jk3zz + D18ejk3zz
) (9)
where D1 −D18 are the contribution coefficients of the six wave components to the dis-
placement components. These coefficients are not independent and they are expressed
by C1 − C10 subsequently. Corresponding results of the fluid phase, which can be
obtained in a similar manner as the solid phase, are not discussed in detail herein.
As the unknown constants C1 − C10 are not independent, the condition ∇ ·Ωs = 0
[14] which can uniquely determine us from es and Ωs, is used first to eliminate the
3
dependent constants among them. Subsequently, three different cases are identified
according to their incident wavenumbers. The first case, when the incident wave is not
in the x-z plane (ky , 0), leads to
C7 = −kxky C5, C8 = −
kx
ky
C6, C9 = C10 = 0 (10)
The second case, when the incident wave is not in the y-z plane (kx , 0), leads to
C5 = − kykx C7, C6 = −
ky
kx
C8, C9 = C10 = 0 (11)
The third case, when the incident wave is along the z axis (normal incidence, kx = ky =
0), leads to
C5 = C6 = C7 = C8 = C9 = C10 = 0 (12)
The above cases, to be brief, are denoted as incident case 1 (ky , 0), incident case
2 (kx , 0) and incident case 3 (kx = ky = 0) in the following. These cases are not
mutually exclusive; however, they are separated for mathematical convenience. It can
be concluded from Eqs.(10)-(12) that there are six independent constants at most in the
3D poroelastic field here.
According to Eqs.(3)-(4), (7)-(12), the poroelastic field expressions can be ex-
pressed in closed form using four or six independent constants. Once the field ex-
pressions are obtained, the independent unknown constants, along with the poroelastic
problem, can be solved by proper boundary conditions.
2.1. Incident case 1
When ky , 0, according to Eq.(10), the solid phase strain Ωs is
Ωs = e−j(kx x+kyy)
(
C5e−jk3zz + C6ejk3zz
) (
ix − kxky iy
)
(13)
Subsequently, the displacement u = [usx, usy, usz , u
f
x , u
f
y , u
f
z ]T is
u = e−j(kx x+kyy)Y1EC (14)
where
E = diag(e−jkm1zz, ejkm1zz, e−jkm2zz, ejkm2zz, e−jkm3zz, ejkm3zz) (15)
C = [C1,C2,C3,C4,C5,C6]T (16)
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Here, the matrix E is a 6 × 6 diagonal matrix. The non-zero elements of the coefficient
matrix Y1 are provided in Appendix A.
2.2. Incident case 2
When kx , 0, according to Eq.(11), the solid phase strain Ωs is
Ωs = e−j(kx x+kyy)
(
C5e−jk3zz + C6ejk3zz
) (
iy − kykx ix
)
(17)
Subsequently, the displacement u = [usx, usy, usz , u
f
x , u
f
y , u
f
z ]T is
u = e−j(kx x+kyy)Y2EC (18)
Here, the matrix E and the vector C are provided in Eq.(15)-(16). The non-zero ele-
ments of the coefficient matrix Y2 are provided in Appendix B.
2.3. Incident case 3
When ky = kx = 0, the solid phase strain Ωs = 0. Subsequently, the displacement
u = [usx, usy, usz , u
f
x , u
f
y , u
f
z ]T is
u = e−j(kx x+kyy)Y3EˆCˆ (19)
where
Eˆ = diag(e−jkm1zz, ejkm1zz, e−jkm2zz, ejkm2zz, 0, 0) (20)
Cˆ = [C1,C2,C3,C4, 0, 0]T (21)
Here, the matrix Eˆ is a 6 × 6 diagonal matrix. The non-zero elements of the coefficient
matrix Y3 are given in Appendix C.
Once the poroelastic displacements in the porous media are obtained, their force
components can be solved using the stress-strain relations in Biot theory [12]. The
poroelastic field is revealed subsequently.
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3. Discussions
3.1. Comparison with the 3D results by Zhou
The problems proposed by Zhou [8] (a 3D double panel with porous lining under
different boundary conditions) are solved using the field expressions obtained here.
Their boundary formulations and parameters can be found in [8]. The results obtained
here versus Zhou’s results, in the Mach number M = 0 case, are provided in Fig.1(a). It
is found that Zhou overestimated the results slightly, though the same trends are shared,
owing to the incomplete 3D poroelastic field expressions in [8]. His field expressions,
when kx = k1cosϕ1cosθ1 = 0 (the same definitions and notations as [8]), are invalid and
lead to division by zero. As k1 , 0, ϕ1 ∈ [pi/10, pi/2] and θ1 ∈ [0, 2pi], these division-
by-zero cases lead to ϕ1 = pi/2, or θ1 = pi/2, 3pi/2. These three incident cases, which
are not properly discussed by Zhou, should be correctly solved to obtain the STL.
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Fig. 1. Comparison of the random STL results with Zhou: (a) the results here (the lines) versus Zhou’s
results (the marks); (b) the results here exclude division-by-zero cases (the lines) versus Zhou’s results (the
marks)
To study the influence of the division-by-zero cases, the results here with the division-
by-zero cases excluded, versus Zhou’s results, are provided in Fig.1(b). It shows the
consistency of the two results is more satisfactory than in Fig.1(a). These results con-
firm that, the results by Zhou, though amply acceptable, fail to reveal the division-by-
zero cases and lead to an overestimate of the STL.
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Fig. 2. Comparison of the random STL results with Bolton: the results here (the lines) versus Bolton’s
results (the marks) (a) the BB, BU, and UU cases (b) the B and U cases
3.2. Validation with the 2D results by Bolton
In his paper [6], Bolton obtained 2D poroelastic field expressions and studied the
random STL of a 2D double panel with porous lining under different boundary condi-
tions. These 2D results are compared with the results obtained using the field expres-
sions provided here (with ky = 0) in Fig.2 (the same configurations and parameters in
[6] are used). All the five boundary cases are in good consistency. These results show
the correctness of the 3D field expressions obtained here.
3.3. Verification of the division-by-zero cases
The division-by-zero cases, owing to incomplete expressions [8], are tested to ver-
ify the field expressions got here. Three 3D oblique incident conditions are identified
here, which are ϕ1 = pi/2, θ1 = pi/2 or θ1 = 3pi/2 (where the elevation angle ϕ1 and
the azimuth angle θ1 are defined in [8]). However, as θ1 = pi/2 or 3pi/2 correspond to
the 2D plane incident cases which were validated using Boltons results, only ϕ1 = pi/2,
i.e., the normal incident case, is verified here.
A problem proposed by Allard [12], which is a poroelastic layer bonded on to
a rigid impermeable wall in a normal acoustic field, is discussed to test the normal
incidence solution (the same configuration and parameters in [12] are used). Result
comparisons with Allard are provided in Fig.3. As shown, the consistency between
the results got here and Allards results is satisfactory. This consistency confirms the
effectiveness of the 3D poroelastic field expressions got here.
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Fig. 3. Comparison of the normalized surface impedance at normal incidence when the porous layer
thickness is (a) 10 cm (b) 5.6 cm (the lines - the results obtained here; the marks - Allard’s results)
4. Conclusions
The correct 3D poroelastic field expressions, under monochromatic harmonic inci-
dence, were revealed here. Result comparisons of these field expressions with former
expressions showed that the results got formerly, though acceptable, overestimated the
random STL slightly and led to division-by-zero. The division-by-zero cases and vali-
dations with 2D theoretical results were subsequently tested. Their result comparisons
were all satisfactory and confirmed the soundness of the 3D field expressions got here.
As a practicable and reliable tool, these 3D field expressions can benefit to understand
the acoustic properties of poroelastic materials.
Acknowledgements
This work is supported by the National Natural Science Foundation of China (NSFC)
No.11572137. The authors wish to thank Professor J. Stuart Bolton, Professor Yu Liu
and Dr. Jie Zhou for their warm-hearted discussions.
8
Appendix A. The coefficient matrix of incident case 1
The non-zero elements of matrix Y1 are
Y1(1, 1) = Y1(1, 2) =
jkx
k21
, Y1(1, 3) = Y1(1, 4) =
jkx
k22
Y1(1, 5) = − jkxk3zk23ky , Y1(1, 6) = −Y1(1, 5)
Y1(2, 1) = Y1(2, 2) =
jky
k21
, Y1(2, 3) = Y1(2, 4) =
jky
k22
Y1(2, 5) = − jk3zk23 , Y1(2, 6) = −Y1(2, 5)
Y1(3, 1) = j
k1z
k21
, Y1(3, 2) = −Y1(3, 1)
Y1(3, 3) = j
k2z
k22
, Y1(3, 4) = −Y1(3, 3)
Y1(3, 5) =
j(k2x+k
2
y )
k23ky
, Y1(3, 6) = Y1(3, 5)
Y1(4, 1) = Y1(4, 2) =
jkx
k21
b1, Y1(4, 3) = Y1(4, 4) =
jkx
k22
b2
Y1(4, 5) = − jkxk3zk23ky g, Y1(4, 6) = −Y1(4, 5)
Y1(5, 1) = Y1(5, 2) =
jky
k21
b1, Y1(5, 3) = Y1(5, 4) =
jky
k22
b2
Y1(5, 5) = − jk3zk23 g, Y1(5, 6) = −Y1(5, 5)
Y1(6, 1) = j
k1z
k21
b1, Y1(6, 2) = −Y1(6, 1)
Y1(6, 3) = j
k2z
k22
b2, Y1(6, 4) = −Y1(6, 3)
Y1(6, 5) =
j(k2x+k
2
y )
k23ky
g, Y1(6, 6) = Y1(6, 5) (A.1)
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Appendix B. The coefficient matrix of incident case 2
The non-zero elements of matrix Y2 are
Y2(1, 1) = Y2(1, 2) =
jkx
k21
, Y2(1, 3) = Y2(1, 4) =
jkx
k22
Y2(1, 5) =
jk3z
k23
, Y2(1, 6) = −Y2(1, 5)
Y2(2, 1) = Y2(2, 2) =
jky
k21
, Y2(2, 3) = Y2(2, 4) =
jky
k22
Y2(2, 5) =
jkyk3z
k23kx
, Y2(2, 6) = −Y2(2, 5)
Y2(3, 1) = j
k1z
k21
, Y2(3, 2) = −Y2(3, 1)
Y2(3, 3) = j
k2z
k22
, Y2(3, 4) = −Y2(3, 3)
Y2(3, 5) = − j(k
2
x+k
2
y )
k23kx
, Y2(3, 6) = Y2(3, 5)
Y2(4, 1) = Y2(4, 2) =
jkx
k21
b1, Y2(4, 3) = Y2(4, 4) =
jkx
k22
b2
Y2(4, 5) =
jk3z
k23
g, Y2(4, 6) = −Y2(4, 5)
Y2(5, 1) = Y2(5, 2) =
jky
k21
b1, Y2(5, 3) = Y2(5, 4) =
jky
k22
b2
Y2(5, 5) =
jkyk3z
k23kx
g, Y2(5, 6) = −Y2(5, 5)
Y2(6, 1) = j
k1z
k21
b1, Y2(6, 2) = −Y2(6, 1)
Y2(6, 3) = j
k2z
k22
b2, Y2(6, 4) = −Y2(6, 3)
Y2(6, 5) = − j(k
2
x+k
2
y )
k23kx
g, Y2(6, 6) = Y2(6, 5) (B.1)
Appendix C. The coefficient matrix of incident case 3
The non-zero elements of matrix Y3 are
Y3(3, 1) =
j
k1
, Y3(3, 2) = −Y3(3, 1)
Y3(3, 3) =
j
k2
, Y3(3, 4) = −Y3(3, 3)
Y3(6, 1) =
j
k1
b1, Y3(6, 2) = −Y3(6, 1)
Y3(6, 3) =
j
k2
b2, Y3(6, 4) = −Y3(6, 3) (C.1)
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